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When Higgs boson candidates will be found at future colliders, it be-
comes imperative to determine their properties, beyond the mass, produc-
tion cross section and decay rates. Other crucial properties are those related
to the behaviour under CP transformations, and the self-couplings. This
paper addresses the question of measurability of some of the trilinear cou-
plings of MSSM neutral Higgs bosons at a high-energy e+e− collider, and
the possibilities of exploring the Higgs boson CP properties at e+e− and
e−e− colliders.
PACS numbers: 14.80.Cp, 12.60.Jv, 13.90.+i
1. Introduction
The Higgs particle is expected to be discovered at the LHC, if not al-
ready at LEP [1]. Current estimates from precision electroweak data [2]
suggest that it is rather light. A light Higgs particle would be consistent
with both the Standard Model (SM) and the Minimal Supersymmetric Stan-
dard Model (MSSM). A detailed measurement of its branching ratios should
enable one to distinguish between these two most favoured models.
However, there is more to the MSSM Higgs sector than branching ratios.
For a complete analysis, one should also measure the trilinear and quartic
self-couplings, which in the MSSM are determined by the gauge couplings.
The measurability of couplings involving the light Higgs particle was
investigated by Djouadi, Haber and Zerwas [3]. It was concluded that the
trilinear couplings λHhh and λhhh, where h and H denote the two neutral,
CP -even Higgs bosons, could be measured at a high-energy linear collider.
This early study neglected squark mixing, but, with some limitations, the
conclusion was confirmed also for the case of squark mixing [4]. A recent
study also accounts for the dominant two-loop effects [5].
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One should keep in mind that the Higgs sector might be more rich than
suggested by the MSSM [6]. Thus, it would be most useful to establish the
CP properties of the Higgs particle from basic principles. A straightforward
method to determine the parity is to study the angular distribution of the
Higgs particle itself [7, 8]. A second approach makes use of the orientation
of the plane spanned by the fermions from the accompanying Z boson in
the Bjorken process [9, 10, 11].
We also review the production of scalar Higgs-like particles in high-
energy electron-electron collisions, via the fusion of electroweak gauge bo-
sons. The emphasis is on how to distinguish a CP -even from a CP -odd
Higgs particle [12]. Among the more significant differences, we find that in
the CP -odd case, the Higgs spectrum is much harder, and the dependence of
the total cross section on the product of the polarizations of the two beams is
much stronger, as compared with the CP -even case. We also briefly discuss
parity violation, and the production of charged Higgs bosons.
2. Trilinear Higgs couplings
Trilinear couplings of the neutral CP -even Higgs bosons in the Minimal
Supersymmetric Standard Model (MSSM) can be measured through the
multiple production of the lightest CP -even Higgs boson at high-energy
e+e− colliders. The relevant production mechanisms are the production
of the heavier CP -even Higgs boson via e+e− → ZH, in association with
the CP -odd Higgs boson (A) in e+e− → AH, or via the fusion process
e+e− → νeν¯eH, with H subsequently decaying through H → hh.
The trilinear Higgs couplings that are of interest are λHhh, λhhh, and
λhAA, involving both the CP -even and CP -odd Higgs bosons. The couplings
λHhh and λhhh are rather small with respect to the corresponding trilinear
coupling λSMhhh in the SM (for a given mass of the lightest Higgs boson mh),
unless mh is close to the upper value (decoupling limit). The coupling λhAA
remains small for all parameters.
We have considered the question of possible measurements of the trilin-
ear Higgs couplings λHhh and λhhh [4] of the MSSM [13] at a high-energy
e+e− linear collider that will operate at an energy of 500 GeV with an in-
tegrated luminosity per year of Lint = 500 fb−1 [14]. In a later phase one
may envisage an upgrade to an energy of 1.5 TeV.
The multiple production of the light Higgs boson through Higgsstrahlung
of H, and through production of H in association with the CP -odd Higgs
boson can be used to extract the trilinear Higgs coupling λHhh. The non-
resonant fusion mechanism for multiple h production, e+e− → νeν¯ehh, in-
volves two trilinear Higgs couplings, λHhh and λhhh, and is useful for ex-
tracting λhhh.
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In units of gmZ/(2 cos θW) = (
√
2GF )
1/2m2Z , the tree-level trilinear
Higgs couplings involving h are given by
λ0Hhh = 2 sin 2α sin(β + α)− cos 2α cos(β + α), (1)
λ0hhh = 3cos 2α sin(β + α), (2)
λ0hAA = cos 2β sin(β + α), (3)
with α the mixing angle in the CP -even Higgs sector, which is determined
by the parameters of the CP -even Higgs mass matrix.
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Fig. 1. Trilinear Higgs couplings λHhh, λhhh and λhAA as functions of mh for
tanβ = 2.0 and tanβ = 10.0. Each coupling is shown for m˜ = 1 TeV, and for
three cases of the mixing parameters: no mixing (A = 0, µ = 0, solid), mixing
with A = 1 TeV and µ = −1 TeV (dotted), as well as A = 1 TeV and µ = 1 TeV
(dashed).
We include one-loop radiative corrections [15, 16] to the Higgs sector in
the effective potential approximation. In particular, we take into account
[4] the parameters A and µ, the soft supersymmetry breaking trilinear pa-
rameter and the bilinear Higgs(ino) parameter in the superpotential. These
parameters enter through the stop masses,
m2
t˜1,2
= m2t + m˜
2 ±mt(A+ µ cot β) (4)
which again enter through the radiative corrections to the Higgs masses as
well as to the Higgs trilinear couplings. The dominant one-loop radiative
corrections are proportional to (mt/mW )
4, multiplying functions depending
on the squark masses [15, 16].
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The trilinear couplings depend significantly on mA, and thus also on
mh. This is shown in Fig. 1, where we compare λHhh, λhhh and λhAA for
three different values of tan β, and the SM quartic coupling λSM (which also
includes one-loop radiative corrections [17]). For a given value of mh, the
values of these couplings significantly depend on the soft supersymmetry-
breaking trilinear parameter A, as well as on µ.
As is clear from Fig. 1, at low values ofmh, the MSSM trilinear couplings
are rather small. For some value of mh the couplings λHhh and λhhh start
to increase in magnitude, whereas λhAA remains small. The values of mh
at which they start becoming significant depend crucially on tan β.
To sum up the behaviour of the trilinear couplings, we note that λHhh
and λhhh are small for mh <∼ 100–120 GeV, depending on the value of
tan β. However, asmh approaches its maximum value, which requiresmA >∼
200 GeV, these trilinear couplings become reasonably large.
3. Production mechanisms
Different mechanisms for multiple production of the MSSM Higgs bosons
in e+e− collisions have been discussed by DHZ. The dominant mechanism
for the production of multiple CP -even light Higgs bosons is through the
mechanisms
e+e− → ZH,AH
e+e− → νeν¯eH
}
, H → hh, (5)
shown in Fig. 2. The heavy Higgs bosonH can be produced byH-strahlung,
in association with A, and by the resonant WW fusion mechanism. All the
diagrams of Fig. 2 involve the trilinear coupling λHhh.
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Fig. 2. Feynman diagrams for the resonant production of hh final states in e+e−
collisions.
A background to (5) comes from the production of the pseudoscalar A
in association with h and its subsequent decay to hZ
e+e− → hA, A→ hZ, (6)
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leading to Zhh final states. A further mechanism for hh production is
double Higgs-strahlung in the continuum with a Z boson in the final state,
e+e− → Z∗ → Zhh. (7)
There is also a mechanism of multiple production of the lightest Higgs
boson through non-resonant WW fusion in the continuum:
e+e− → ν¯eνeW ∗W ∗ → ν¯eνehh, (8)
as shown in Fig. 3.
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h
Fig. 3. Feynman diagrams for the non-resonant WW fusion mechanism for the
production of hh states in e+e− collisions.
It is important to note that all the diagrams of Fig. 2 involve the trilinear
coupling λHhh only. In contrast, the non-resonant analogues of Figs. 2a, 2b
and 2c (or 3c) involve both the trilinear Higgs couplings λHhh and λhhh.
3.1. Higgs-strahlung and associated production of H
The dominant source for the production of multiple light Higgs bosons
in e+e− collisions is through the production of the heavier CP -even Higgs
boson H either via Higgs-strahlung or in association with A, followed, if
kinematically allowed, by the decay H → hh.
In Fig. 4 we plot the relevant cross sections [18, 19] for the e+e− centre-
of-mass energy
√
s = 500 GeV, as functions of the Higgs mass mH and
for tan β = 2.0. For a fixed value of mH , there is seen to be a significant
sensitivity to the squark mixing parameters µ and A. We have here taken
m˜ = 1 TeV, a value which is adopted throughout, except where otherwise
specified.
A measurement of the decay rate H → hh directly yields λ2Hhh. But
this is possible only if the decay is kinematically allowed, and the branching
ratio is sizeable (but not too close to unity). In Fig. 5 we show the branching
ratios (at tan β = 2) for the main decay modes of the heavy CP -even Higgs
boson as a function of the H mass [20]. Apart from the hh decay mode, the
other important decay modes are H → WW ∗, ZZ∗. For increasing values
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Fig. 4. Cross sections for the production of the heavy Higgs boson H in e+e−
collisions, and for the background process in which Ah is produced. Solid curves
are for no mixing, A = 0, µ = 0. Dashed and dotted curves refer to mixing.
of tan β (but fixed mh), the Hhh coupling gradually gets weaker (Fig. 1),
and hence the prospects for measuring λHhh diminish. Also, the decay rates
can change significantly with m˜, the over-all squark mass scale (see Fig. 5).
There is a sizeable region in the mA–tan β plane where the decay H →
hh is kinematically forbidden, shown in Figs. 6 and 7, as an egg-shaped
region at the upper left. The boundary of the region depends crucially on
the precise Higgs mass values. This is illustrated by comparing two cases
of mixing parameters A and µ at each of two values of the squark mass
parameter m˜. We also display the regions where the H → hh branching
ratio is in the range 0.1–0.9. Obviously, in the forbidden region, the λHhh
cannot be determined from resonant production.
3.2. Double Higgs-strahlung
As discussed above, for small and moderate values of tan β, a study of
decays of the heavy CP -even Higgs boson H provides a means of deter-
mining the triple-Higgs coupling λHhh. For the purpose of extracting the
coupling λhhh, non-resonant processes involving two-Higgs (h) final states
must be considered. The Zhh final states produced in the non-resonant
double Higgs-strahlung e+e− → Zhh, and whose cross section involves the
coupling λhhh, could provide one possible opportunity.
However, the non-resonant contribution to the Zhh cross section is
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rather small, as is shown in Fig. 8 for
√
s = 500 GeV, tan β = 2, and
m˜ = 1 TeV. In this case, the cross section is rather different for the two sets
of mixing parameters shown [4]. In the case of no mixing, there is a broad
minimum from mh ≃ 78 to 90 GeV, followed by an enhancement around
mh ∼ 90–100 GeV. This structure is in part due to the fact that the de-
cay H → hh is kinematically forbidden in the region mh ≃ 78–90 GeV, see
Figs. 6 and 7 (this coincides with the opening up of the channel H →WW ),
followed by an increase of the trilinear couplings.
Since the non-resonant part of the cross section, which depends on λhhh,
is rather small, this channel is not suitable for a determination of λhhh [3].
In the case of large squark mixing, the cross section can be considerably
larger [4], but only at Higgs masses which are essentially ruled out1. At
higher values of tan β, the cross section is even smaller. For lower values of
the squark mass parameter m˜, the cross section can be larger, but again at
Higgs masses which are ruled out.
1 The LEP experiments have obtained strong lower bounds on the mass of the lightest
Higgs boson, and are beginning to rule out significant parts of the small-tan β pa-
rameter space. ALEPH finds a lower limit of mh > 72.2 GeV, irrespective of tan β,
and a limit of ∼ 88 GeV for 1 < tan β <
∼
2 [22].
150 200 250 300 350 400 450 500
∼
150 200 250 300 350 400 450 500
∼
Fig. 5. Branching ratios for the decay modes of the CP -even heavy Higgs boson
H , for tanβ = 2.0 and m˜ equal to 1 TeV or 500 GeV, as indicated. Solid curves are
for no mixing, A = 0, µ = 0. For m˜ = 1 TeV, the dashed curves refer to A = 1 TeV
and µ = 1 TeV, whereas for m˜ = 500 GeV, the dashed (dotted) curves refer to
A = 500 GeV (800 GeV) and µ = 1 TeV (800 GeV).
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∼ ∼
Fig. 6. The region in the mA–tanβ plane where the decay H → hh is kinematically
forbidden is indicated by a solid line contour. Also given are contours at which the
branching ratio equals 0.1 (dotted), 0.5 (dashed) and 0.9 (dash-dotted, far left).
∼ ∼
Fig. 7. Similar to Fig. 6, for squark mass parameter m˜ = 500 GeV.
3.3. Fusion mechanism for multiple-h production
A two-Higgs (hh) final state can also result from the WW fusion mech-
anism in e+e− collisions. There is a resonant contribution (through H) and
a non-resonant one.
The resonant WW fusion cross section for e+e− → Hν¯eνe [23] is plotted
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Fig. 8. Cross section σ(e+e− → Zhh) as a function of mh. The dotted curve is the
resonant production, the dashed curve gives the decoupling limit [21].
in Fig. 4 for the centre-of-mass energy
√
s = 500 GeV, and for tan β = 2.0,
as a function of mH .
Besides the resonantWW fusion mechanism for the multiple production
of h bosons, there is also a non-resonant WW fusion mechanism:
e+e− → νeν¯ehh, (9)
through which the same final state of two h bosons can be produced. The
cross section for this process (see Fig. 3), can be written in the effective
WW approximation as a WW cross section, at invariant energy squared
sˆ = xs, folded with the WW “luminosity” [24]. Thus,
σ(e+e− → νeν¯ehh) =
∫ 1
τ
dx
dL
dx
σˆWW (x), (10)
where τ = 4m2h/s, and
dL(x)
dx
=
G2Fm
4
W
2
(
1
2π2
)2 1
x
{
(1 + x) log
1
x
− 2(1− x)
}
. (11)
The WW cross section receives contributions from several amplitudes,
according to the diagrams (a)–(d) in Fig. 3, only one of which is propor-
tional to λhhh. We have evaluated these contributions [4], following the
approach of Ref. [25], ignoring transverse momenta everywhere except in
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the W propagators. Our approach also differs from that of [3] in that we
do not project out the longitudinal degrees of freedom of the intermediate
W bosons.
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Fig. 9. Cross section σ(e+e− → νeν¯ehh) (via WW fusion) as a function of mh.
The dotted curve is the resonant production, the dashed curve gives the decoupling
limit.
We show in Fig. 9 the resulting WW fusion cross section, at
√
s =
1.5 TeV, and for m˜ = 1 TeV. The structure is reminiscent of Fig. 8, and the
reasons for this are the same. Notice, however, that the scale is different.
Since this is a fusion cross section, it grows logarithmically with energy.
For high values of mh we see that there is a moderate contribution to
the cross section from the non-resonant part. For a lower squark mass
scale m˜, the situation is somewhat different. In the absence of mixing, the
light Higgs particle then tends to be lighter (for m˜ = 500 GeV, tan β = 2:
mh <∼ 90 GeV — which is mostly ruled out already [22]). With mixing,
however, higher Higgs masses can be reached.
4. Sensitivity to λHhh and λhhh
We are now ready to combine the results and discuss in which parts of
the mA–tan β plane one might hope to measure the trilinear couplings λHhh
and λhhh. In Figs. 10 and 11 we have identified regions according to the
following criteria [3, 4]:
(i) Regions where λHhh might become measurable are identified as those
where σ(H) × BR(H → hh) > 0.1 fb (solid), while simultaneously
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0.1 < BR(H → hh) < 0.9 [see Figs. 5–7]. In view of the recent, more
optimistic, view on the luminosity that might become available, we
also give the corresponding contours for 0.05 fb (dashed) and 0.01 fb
(dotted).
(ii) Regions where λhhh might become measurable are those where the
continuum WW → hh cross section [Eq. (10)] is larger than 0.1 fb
(solid). Also shown are contours at 0.05 (dashed) and 0.01 fb (dotted).
We have excluded from the plots the region where mh < 72.2 GeV [22].
This corresponds to low values of mA and low tan β.
∼ ∼
Fig. 10. Regions where trilinear couplings λHhh and λhhh might be measurable
at
√
s = 500 GeV. Inside contours labelled λHhh, σ(H) × BR(H → hh) > 0.1 fb
(solid), while 0.1 < BR(H → hh) < 0.9. Inside (to the right or below) contour
labelled λhhh, the continuumWW → hh cross section exceeds 0.1 fb (solid). Anal-
ogous contours are given for 0.05 (dashed) and 0.01 fb (dotted). Two cases of
squark mixing are considered, as indicated.
These cross sections are small, the measurements are not going to be
easy. With an integrated luminosity of 500 fb−1, the contours at 0.1 fb
correspond to 50 events per year. This will be reduced by efficiencies, but
should indicate the order of magnitude that can be reached.
With increasing luminosity, the region where λHhh might be accessible,
extends somewhat to higher values ofmA. Note the steep edge aroundmA ≃
200 GeV, where increased luminosity does not help. This is determined by
the vanishing of BR(H → hh), see Figs. 6 and 7.
The coupling λhhh is accessible in a much larger part of this parameter
space, but “large” values of tan β are accessible only if A is small, or if the
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Fig. 11. Similar to Fig. 10 for m˜ = 500 GeV.
luminosity is high.
The precise region in the tan β–mA plane, in which these couplings might
be accessible, depends on details of the model. As a further illustration of
this point, we show in Fig. 11 the corresponding plots for a squark mass
parameter m˜ = 500 GeV. In the case of no mixing, there is now a band at
small mA and small tan β that is excluded by the Higgs mass bound [22].
Furthermore, where the Higgs mass is low, the coupling λhhh is small [see
Fig. 1], and a corresponding band is excluded from possible measurements.
5. CP studies
In the MSSM, the Higgs sector contains also a particle that is odd under
CP . Such particles, as well as Higgs-like particles which are not eigenstates
of CP , would be expected in more general electroweak theories. One ex-
ample would be the two-Higgs-doublet model [26, 6]. Model-independent
determinations of the Higgs particle CP are possible in the Bjorken process
as well as in the electron-electron channel.
There could also be CP violation in the Higgs sector, in which case
the Higgs bosons would not be CP eigenstates [27]. Such mixing could take
place at the tree level [28], or it could be induced by radiative corrections. It
has also been pointed out that such mixing might take place in the MSSM,
and be resonant [29].
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5.1. The Bjorken process
Certain distributions for the Bjorken process [30] are sensitive to the CP
parity. Suitable observables may also demonstrate presence of CP violation.
Below, we present an effective Lagrangian which contains CP violation
in the Higgs sector. CP violation usually appears as a one-loop effect, since
the CP -odd coupling introduced below is a higher-dimensional operator and
in renormalizable models these are induced only at loop level. Thus, the
effects are expected to be small and the confirmation of presence of any CP
violation could be rather difficult.
The ZZh coupling is taken to be [9]
i25/4
√
GF
{
m2Z g
µν for h = H (CP even),
η ǫµνρσk1ρk2σ for h = A (CP odd),
(12)
where k1 and k2 are the momenta of the gauge bosons. The CP odd term
originates from the dimension-5 operator ǫµνρσZµνZρσH. Simultaneous
presence of CP -even and CP -odd terms leads to CP violation, whereas
presence of only the last term describes a pseudoscalar coupling to the vec-
tor bosons.
It is well known that the correlation between the two decay planes
spanned by the Dalitz pairs from a π0 decay reveal its pseudoscalar na-
ture [31]. In complete analogy, the orientation of the decay plane spanned
by the momenta of the fermions from the Z0 which is accompanying the
Higgs particle in the Bjorken process can be used to determine the CP of
the Higgs particle [9, 10, 11]. Other methods have also been suggested [7].
These include studies of correlations among momenta of the initial electron
and final-state fermions [32].
In fact, a semi-realistic Monte Carlo study shows that (at 300 GeV)
it should be possible to verify the scalar character of the Standard Model
Higgs after three years of running at a future linear collider [11]. Also,
various ways of searching for CP violation have been suggested [9, 33, 11].
5.2. Electron-electron collisions
The electron-electron collider mode is interesting since one may produce
states not accessible in the annihilation channel; also, a large electron po-
larization will be readily available. Furthermore, at high energies, the Higgs
production at an electron-electron collider will proceed via gauge boson
fusion [34, 35], and thus not be suppressed by the s-channel annihilation
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mechanism. Certain models also predict doubly charged Higgs particles
[36], some of which can be produced more readily at an electron-electron
collider.
Scalar (“Higgs”) particles, h, h− and h−−, are produced in the t-channel
via Z- or W -exchange:
e−(p1) + e
−(p2) → e−(p′1) + e−(p′2) + h(ph), (13)
e−(p1) + e
−(p2) → e−(p′1) + νe(p′2) + h−(ph), (14)
e−(p1) + e
−(p2) → νe(p′1) + νe(p′2) + h−−(ph). (15)
(In some models, including the left–right symmetric model [37], the doubly-
charged Higgs boson has practically no coupling to the ordinary, left-handed
W bosons and would not be produced by this mechanism.)
Several distributions are quite sensitive to the CP of the Higgs particle.
We see immediately from (12) that near the forward direction, where k1
and k2 are antiparallel, the production of a CP -odd Higgs boson will be
suppressed.
In the CP -even case, the Higgs particle tends to be softer, and events
are more aligned with the beam direction than in the CP -odd case. In
fact, the Higgs energy distribution may be one of the better observables for
discriminating the two cases, as illustrated in Fig. 12.
100 200 300
0
0.005
0.01
0.015
100 200 300
0
0.005
0.01
0.015
Fig. 12. Higgs energy spectra for the case Ec.m. = 500 GeV, and for Higgs masses
mh = 120 GeV and 150 GeV. The solid curves give the distributions in the absence
of any cut. The dashed and dotted curves show the corresponding distributions
when cuts at 5◦ and 15◦ are imposed on the electron momenta.
The dependence on longitudinal beam polarization (P1 and P2) enters
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in the following way
d4σ(h) = d4σ
(h)
0
[
1 +A
(h)
1 P1P2 +A
(h)
2 (P1 + P2)
]
. (16)
It turns out that the dependence on the product of the two beam polar-
izations is much larger in the CP -odd case. This dependence, which is
represented by the observable A1 (see Fig. 13), becomes a better “discrim-
inator” for increasing Higgs masses, when the Higgs momentum decreases,
and other methods therefore tend to become less efficient.
100 200 300 400
0
0.5
1
Fig. 13. The bi-polarization-dependence A1 [see Eq. (16)] as obtained from the
integrated cross sections for Higgs production in electron-electron collisions at
Ec.m. = 500 GeV, for a range of Higgs masses. Standard Model (denoted “even”)
and CP -odd results are shown. For the even case, the lower curve corresponds to
no cut, whereas the upper ones are obtained with an angular cut on the final-state
electron momenta at 10◦. (For the odd case, the two curves are indistinguishable.)
If the two final-state electrons are observed, a certain azimuthal distri-
bution, as well as the electron polar-angle distributions, will also be useful
for discriminating the two cases [12]. There are also ways to search for
possible parity-violating effects in the ZZ-Higgs coupling.
6. Conclusions
We have reviewed the results of a detailed investigation [4] of the pos-
sibility of measuring the MSSM trilinear couplings λHhh and λhhh at an
e+e− collider, focusing on the importance of mixing in the squark sector, as
induced by the trilinear coupling A and the bilinear coupling µ.
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At moderate energies (
√
s = 500 GeV) the range in the mA–tan β plane
that is accessible for studying λHhh changes quantitatively for non-zero val-
ues of the parameters A and µ. As far as the coupling λhhh is concerned,
however, there is a qualitative change from the case of no mixing in the
squark sector. If A is large, then high luminosity is required, in order to
reach “high” values of tan β. At higher energies (
√
s = 1.5 TeV), the mix-
ing parameters A and µ change the accessible region of the parameter space
only in a quantitative manner.
We have also given a brief review of some ways to investigate CP prop-
erties of the Higgs particles, in e+e− as well as in e−e− collisions.
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